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Quantum Matematigi Icerigi

Trigonometri

Compleks sayi sistemi
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Ozdegerler ve Ozvektorler



Trigonometric Identities

T L | _ 1 e -je

sin@ = 2].(6 e ) cos @ = 2(e +e’)

e’ = cosO+ jsin®

sin(@+ o) = sinB@cos o + cosfsino cos(0+ o) = cosBOcoso— sinfsinax
sin@sinox = %(cos(@—a)— cos(6+ o)) cosBcoso = %(COS(Q + o) + cos(6— @))

sin@cos o = %(sin(9+ @) + sin(6 — @))

sin’0+ cos’6 = 1 cos?’0—sin’0® = cos286
sin’ @ = %(1 — c0s20) cos’ 0 = %(1 + cos20)
O — sin @

cos 6




Trigonometric Formula

cos” A +sin? A =1
5in2A = 2sin Acos A

sin(A + B) =sinAcosB + cos AsinB

cos(A+B)=cosAcosBTsinAsinB

tan A +tan B

tan(A £ B) = 1FtanAtanB
sind +sinB = 2sin +BCDSA_B
2 2
sind —sinB = ZCDSA;_BSil‘LA_B
A+ B A—B
cos A +cosB = 2cos + COS
2 2
CDSA—CDSB:—ESil“LA_Z'_BSil‘LA;E

sec A —tan®A =1

cos2A = cos® A — sin® A

cos AcosB =

sinAsinB =

sinAcosB =

cos’ A =

. ¥
sin“ A =

cos” A =

sin" A =

cosec’ A —cot’ A =1
2tan A

tan24 = — -
1—tan A

cos(A + B) + cos(A — B)

2

cos(A — B) — cos(A + B)

2

sin(A + B) + sin(A — B)
2

1+ cos2A
2
1 —cos2A
2
3cos A + cos3A
4

3sindA —sin34
4




90° < a < 180°
cosa <0

sinc >0

1

(x, y)
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0" <0 <90

cosO > 0

sind = 0

. Bolge

3.B

180° < p < 270°

olge

sinf <0

ix )
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cosfi<0
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270° < ¢ < 360°

cosh > 0

sinp < 0

Y

4. Bolge

0° | 30° 45° 60° aQ-
sin 0 l —2 —3 1
2 2 2
cos 1 E —2 l 0
2 2 2
an |0 | | 1 J3 | Tanimsiz

sin|'/£— 8\~"= cos8
2 ]

sir||'/£—E]I ]= cosH
2

-6

Ccos =sinb

-~ -,

A

+6 |=-sinB

o
o
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sin(m—0)=sin6
sin(rt+0)=-sinB
cos(m—-0)=-cosH
cos(m+0)=-cosB

Sine and Cosine Addition and Subtraction Formulas
sin(a+b) =sinacosb +cosasinb
sinfa—b)=sinacosb—cosasinb
cos(a+b)=cosacosb—sinasinb

cos(a—b)=cosacosb+sinasinb

COSY = % (" +e ™)
sinx = % (f?” — f?_”)




Complexs Numbers



Rectangular Coordinate System

Iki boyutlu koordinat sisteminde iki eksen x ve -
y olarak etiketlenmistir. Karmasik degisken

teorisinde, x eksenine gercek eksen, y eksenine r/
ise sanal eksen adi verilir. Sanal bir sayi

asagidaki tanima dayanmaktadir.

i = V—1

7 — X iy Complex Plane

m = 3.14159265 rad
T = 180 derece




Complex numbers

Complex numbers provide a compact way of describing

Imi(z)
amplitude and phase (and the operations that affect Y » V)
them, such as filtering) | Re
Complex number z — x + jy (x andy real—valuedj — —1. )
e = cos@+jsin @
M Imaginary axis
= |E| = A" I2+}"2,

----------- =a+bh

6 = arg(z) = tan ! Y
x

Zlsing

(7] |z|::056'i

Real axis




Conversion Between Forms

Polar to Rectangular:
X =T COS &

Y =rsing@

Rectangular to Polar:
r = \/xz + Yy~

O = ang(z) = tan~

1Y
X

10



Fuler’s Formula

10

e’ =cosé@+1SsIiné

Z=rcos@—+Iirsin@ =r(cos@ +1sin Q)
z =re'’
Common Engineering Notation:

re' [1 r~-6

11



Example. Convert the following complex number
to polar form:

Z=4+13

I z\/xz—l—y2 z\/(4)2 +(3)° =5

O = tan_lg — 36.87° = 0.6435 rad

Zz =5_-36.87" oOr

7 — Sei0.6435
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Example. Convert the following complex number

to polar form:
Z =—4+13

I z\/x2 + y? z\/(—4)2 +(3)° =5

O = tan* [ij —180° —tan* §
—4 4

=180 —36.87° =143.13° = 2.498 rad

- — Eel 2.498

13



Example. Convert the following complex number
to rectangular form:

z = 4e'“
X =4cos2=—1.6646
Y =4sIn2 =3.6372
Zz =—1.6646 +13.6372



Example. Convert the following complex number to
rectangular form:

z =10e™
X =10cos(—1) =5.4030
y =10sin(—1) = —8.4147

z =5.4030—-18.4147



Addition of Two Complex Numbers

Z, = X F iy1
Z, = X, + iyz
Zsum — Zl + Z2
= X, +1y; + X, + 1Y,
= X, + X, +i(y1+ yz)
A geometric interpretation of addition iIs
shown on the next slide.
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Subtraction of Two Complex Numbers

Z, = X + iy1
Z, =X, +1Y,
Zaieg — £1 — Z5
= X +iy1 _(Xz +iy2)
= X — X, +i(y1_y2)
A geometric interpretation of subtraction
1S shown on the next slide.

17



Example. Determine the sum of the following
complex numbers:

Z, =5+13
Z, =2—1/(
Zsum :Zl _I_ZZ

=54+13+2—17
— 7 — 14
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Example. For the numbers that follow,
determine z = z,-7,.
Z, =5+13
Zz, =2—17
Zyitf — £1 ~Z>
=5+13—(2—17)
=3+ 110
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Multiplication in Polar Form

Z, = re
z, =r,e'”
Zorod — 414>

— (re )(r.e'”)

1(6,+6-)
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Division in Polar Form
= r,e'?

z,
z, =r,e'”

(réﬁ)

Z
div 22 (r e|6?2 )

_ a!(A—62)
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Complex Conjugate
Start with
Z =X+1y =re'’
The complex conjugate Is
Z=x—iy=re "
The product of z and 7 1Is

(2 (Z)=X"+Vy° =r"°
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Example. Determine the product of the following
2 complex numbers:

z, = 8e'? z, =5e '
z, =2z,z, =(8e'?)(5e %" ) =40e""
Zz, =40(cos1.3+1sINn1.3)

— 40(0.2675 + i0.9636)
—10.70 + i38.54
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Complex Exponentiation

* Powers of i are complex units: b
_ o +i eul
e =cosf@+isine /{
Note: —1 ............................ "i':+1
e™/2 = i
em. 1 21=2 e\ mi
| _ 712 = (2 e mi)A2 = 22 (e mi) 2 = 4 (e i )2 = 4 eA2xi
e3TC | /2 i I



Exponential Function

25



Laws of Exponents

* Let a and b be positive numbers and let x and y be
real numbers. Then,

y - ;)x-i-x'
1. - - -
‘b.‘{ _
P — =
hH-
3 (b“’) = h
4. (ab) =a*h
5 ?]A ok
\ 9, o



Examples

Sketch the graph of the exponential function f(x) = e*.

Solution

Sketching the graph:

|
(D

|
(,D

fix) = e

/A



Examples

Sketch the graph of the exponential function f(x) =e™.

Solution

Sketching the graph:



)

/—\A\\xfg

/W./Mx

)

Logarithmic Functions

29



Logarithms

 Exponential equations of the form
y = bX (b>0,b#1)
* The logarithm of x to the base b, and is denoted log,x.
 Logarithm of x to the base b
y=log,x ifandonlyif x=b (x>0)

|Og X: IOglO X Common logarithm

|n X - |Oge X Natural logarithm

y=log, x ise x=DbY



Laws of Logarithms

* |f mand n are positive numbers, then

log, mn =log, m+ log, n

m
log, — =log, m—log, n
n

log, m" =nlog, m
log,1=0
log,b=1

Logl1=0, Log 2=0.3,Log3=0.5 Log5=0.7, Log 7=0.8, Logl0=1



Examples

* Given thatlog 2 =0.3010, log3=0.4771, and log 5 =
0.6990, use the laws of logarithms to find

logl5=10g3-5
= log3+ log5

~0.4771+ 0.6990
=1.1761




“Vectors”



Vektorel Buyukltukler

Katle, sicaklik, elektrik yaku, alan, hacim gibi sadece pozitif ve
negatif sayilarla ifade edilen buytkliklere skaler (scalar)
buyukliikler denir.

Sadece bir gercel sayi ile ifade edilemeyip, buna ek olarak dogrultu,
yon ve hatta konumlarinin da bilinmesi sarti ile belirtilebilir
buyukltklere vektorel bliylikltikler denir (kuvvet, hiz, ivme,
moment, yer degistirme,...gibi).

Vektor: Vektorel buyuaklukler vektor adi verilen yonli dogru
parcalari ile gosterilirler. Vektor, belirli bir uzunluga, belirli bir
dogrultuya ve belirli bir ydne sahip bulunan bir dogru parcasidir.



Vector

A vector is a column of numbers (any numbers, even complex). The amount of numbers is referred to
as the dimension of the vector.

Vector Addition. Adding vectors is easy, just add each

corresponding component! If v and w are complex vectors written explicitly as:
1 -
V— and w =

adding them gives:

V1 T W)

Vo 1+ W»



Properties of vector addition and scalar

N

multiplication

V4w =w+7v (commutativity)

Vvt (wHiu)= (V4+w)+iu (associativity)

c(V4w)=cV+cw (distributivity of scalar multiplication)
(c4+d)V=cv4dv (distributivity of scalar addition)

There exists a unique additive zero, denoted O such that ¥ + 0 = ¥ for any
vector V.

For any vector v, there exists an additive inverse —v such that v+4 (—v) = 0.



Vektor Carpimi

Vektor carpiminin yonii sag el

Bir Vektoriin Bilesenleri

.4'xlit
)

kurali ile bulunur
Bir vektor yon,
biiyiikliik veya
X- vey-
bilesenleri
(koordinat

A, = ACos0 C=-AxB

A, = ASin6 Vektor carpiminin biiyiikliigii
sistemi A=A} + 4 C= ABSHI¢
tizerinde p - . 4
izdiistimii) S 6 = tan™ (A—)

verilerek ifade
edilebilir.

£ 4
i / o
= = b
=
=
==

v re
-

\ ';Bx,t

: AxB=-Bx 4

Skaler (;arplm A right-handed coordinate system

—

B

—

Al B|Coso | ixj=k
jxk=1i
isi=jej=kek=(1)(1)Cos0=1 kxi=]

isj=ivk=j*k=(1)(1)Cos90° =0

A* B =ABCos6 =




Vector Product

* The magnitude of C, which is AB sinB is equal to the area of the parallelogram formed by A and B.
* Thedirection of Cis perpendicular to the plane formed by A and B
* The best way to determine this direction is to use the right-hand rule

Right-hand rule




Vector Product Derivative Properties

* The derivative of the cross product with respect to

some variable, such as t, obeys the “chain rule” of

calculus:

%(Axé):—xB+Ax—

Note! It is important to preserve the multiplicative
order of Aand B



Vector Products of Unit Vectors

i“><i“=]><]=|2><|2=o
P ixi—k
Tk = Rxjoi
K= xk=]

Contrast with scalar products of unit vectors

—t) =)
—) )

Signs are interchangeable in cross products

,&x(-é)z—,&xé

=) i)
A =

—_— A
A )

x>

o B



Vector Products Using Determinants

* The cross product can be expressed as
A A A A

B, B, B, B

Yy X y

i ] K

% 5 A A

AxB=|A, A A = S g
B, B, B, ;

X

i — k

]+

* Expanding the determinants gives

AxB=(AB,-AB )i—(AB,-AB,)j+(AB, —AB,)k



Example

—_— —

e (3iven A:2iA+3]; B:—iA+2]
A =xB

e Find

e Resultis

A xB = (2i +3])x (=i + 2j)
=2ix(—i)+2i x2]+3]x(—i)+3] < 2]
—0+4k +3k +0 = 7K



Iki Vektoriin Toplami

ave Egibi iki vektériimuzin verildigini varsayalim. Iki vektériin toplami,

= &+ B seklinde ifade edilir.

0l
n
R
+
oy

0

Iki vektarun toplami



Vectors

e A vector is a 1-D array of numbers:

I
)

e Can be real, binary, integer, etc.

e Example notation for type and size:

Rn



Birim Vektor

e Vektor: Sonlu sayilar dizisidir.

a;
— az
« V= : | bubirvektorddr, a; a,, ..., a, degiskenleri bu vektorin bilesenleridir. n-boyutlu bir
aTL
vektordur.

«  Bir vektdr birim vektérler cinsinden ifade edilebilir. V = Vi +V,j +V,k ; Burada 1 : x yoniindeki birim
vektor, j : y yoniindeki birim vektor, k:z yonundeki birim vektordur.

*  Birvektor uygun baz vektorleri Gzerinden genisletilebilir. Baz vektorleri birim vektorlerdir. Herbir
bileseni uygun bir birim vektori ile carpilip toplanirsa vektoriin tamami elde edilir.

e Birim vektorler, Kartezyen koordinat sisteminin eksenlerini ifade etmek icin de kullanilabilir. Ornegin,
uc boyutlu x,y,z eksenlerinde es yonlu birim vektorin Kartezyen koordinat sistemi;

1 0y [0\ X
. i=<0>,j=<1>,k=<0>; V=Vi+V,j+Vk
0 0 1



Baz Vektorler

Skaler carpim:

aq oay
. P=aP=o| || "2
a0, ] \aa,

@\  a 0 0 1

A I T I 2 P U

a,) N0/ \o a, 0

* Bir vektor baz vektorleri seklinde genisletilebilir.



Baz Vektorleri

 Bazvektorleri:

1\ /0 0
(o) [1 0
0o/ \o 1

* Vvektorlu baz vektorleri cinsinden yazilabilir. Bir vektor bir katsayi ile carpilirsa sonuc

yine bir vektor olur. Bir vektor bir katsayi ile carpildiginda vektoriin tum bilesenleri o
katsayi ile carpilir.



Dirac (Bra-ket) Notation



Dirac Gosterimi (The Dirac Notation)

Quantum hesaplama ile birlikte, kubit (qubit) kavramini ihtiyac duyulan bir notasyon
Dirac tarafindan gelistirilen bir gosterimle karsilanabilmektedir.

Bra-ket olarak da adlandirilir.

Bra-ket gosterimi < | > seklinde sembolize edilebilir.

Buradaki bra kismi <| olurken ket kismi |> olmus olur.

Yani ingilizcedeki parantez anlamina yakin bir kelimeyi parcalara bélerek (aslinda
brackets kelimesi, ingilizcede parantez anlamina gelir).

| Y>, Ket gosterimi, vektorel bir gosterimdir. Diger bir deyisle, |v> gosterimi aslinda
[v] seklinde gosterilebilen bir kolon vektordir. < |, Bra gdsterimi ise satir
vektoruddar.

Ornegin ket gdsterimi icin de bir vektdrden bahsedilebilir. Benzer sekilde bra
gosterimi icin vektoriin tersylzi (transpoze) alinmistir denilebilir.



Dirac Gosterimi (The Dirac Notation)

Mevcut durum ket, | > ile gosterilir (Y :psi):

Ornegin | > gdsterimi, parcacigin Y momentumunda oldugunu ifade etmektedir. Daha farkli
belirgin olarak | p=3> gosterimi, parcacigin 3 momentumuna sahip oldugunu veya parcacigin 3
konumunda bulundugunu ifade eder.

Bu anlamda, elimizdeki bilgileri gbsteren ket kismi, aslinda baslangi¢ vektoru veya baslangic
durumu seklinde de adlandirilir.

Beklenen Durum bra, <y | gosterilir:

<y | bra gosterimiise ulasmak istedigimiz hali, veya bekledigimiz durumu gostermeye yarar.

Ornegin <x=1.5| gdsterimi bize, parcacigin, 1.5 konumunda bitmesini istedigimizi veya boyle bir
beklentimiz oldugunu gosterir.

Ornegin <x=1.5 | x=3 > gdsterimi, parcacigin 3 konumunda baslayarak 1.5 konumunda bitmesi
anlamina gelir.

Ornegin <x=1 | x=0 > gdsterimi, parcacigin 0 konumunda baslayarak 1 konumunda bitmesi
anlamina gelir.



Dirac Notation

We begin by considering a simple memory consisting of only one bit. This memory may be found in one of two
states: the zero state or the one state. We may represent the state of this memory using Dirac notation so that

A quantum memory may then be found in any quantum superposition 1) of the two classical states |0} and |1}:

) = a|0) + B[1) = (;); o +|8° = 1.

In general, the coefficients a and 5 are complex numbers.



Dirac Gosterimi (The Dirac Notation)

| >, ket gosterimi, mevcut durumun ¢ vektdri oldugunu ifade eder.

Kubitler icin olasi durumlardan iki tanesi 1 ve 0 olma durumudur ki bu
durumda kubitler bizim bildigimiz klasik bitler gibi davranir. Bu durumlari
gostermek icin |0> veya | 1> gosterimi kullanilabilir. Elbette unutulmamasi
gereken bir durum, kubitlerin, klasik bitlerden farkli degerler alabilecegidir.
Ornegin kubitler, 0 ve 1 arasindaki herhangi bir dogrusal degeri alabilir.

|Y>=0a|0>+ B|1>gosterimde, Y degeri, a degeri kadar 0 ve B degeri
kadar 1’dir. Yani bu iki deger arasinda bir yerde kabul edilen bir vektordur.
Alfa ve beta degerleri, pozitif reel sayi, negatif reel, kompleks sayi olabilir.

Bu vektorin uzunlugunu birim vektér olarak kabul edersek, Pisagor
baglantisindan |a|2+ |B|? =1 olmalidir.



Dirac (Bra-ket) Notation

Dirac tarafindan Hilbert )
uzayinda nesneleri temsil etmek ay = | .
icin sunulan gésterim. i
Bra — satir vektori oL
<CL| — [a’l 25 an}

Ket — sttun vektoru __
Bra-kets — ic carpanlar (ala) =) aja; =) |ai?

(7



Bra - Ket

V) - vector, “ket” Le. (@) - mner product between vectors |@) and |y).

€1 Note for QC this 1s on C” space not R”!
. Note (0|) = (y|@)"
2 3
| o | Example: |@) = 6i | ) = A
. [ 3 ' . .. .
) - vector, “bra” i.e. (o) = [2.-6i] | ] —6-24i  Slitun vektdr satir vektore
RN : donusurken konjugesi alinir.
2 Crsennn O
|©) @ |y) - tensor product of @) and |\). | lw) || - norm of vector |y)
Also written as | Q)| ) | ) l|l= v (wlw)
) . ; i: g Important for normalization of [y) i.e. W)/ || [w) ||
Exc le: — I ) - . —_ .
xample: [0)|V) [ 61 ] v { 4 ] g? Xj ;jf (@|A4|y) - inner product of |@) and 4|y).
i % i

or inner product of A7|@) and |y)



Eslenik (Conjugate)

Hermitian Conjugate Space
Conjugation

xreH
fr:y—xy VYyeH

fz €N




Linear Operators

A linear operator A from one vector space V to another W is a

function such that:

Ala|uy + Bloy) = alA(lu)) + F(A

o)

If V is of dimension n and W is of dimension m, then the operator

A can be I'L‘]")I'L‘HL‘Ilt(_‘d as ain m x n-matrix.

The matrix representation depends on the choice of bases for V
and W,



Vectors

Formally, the state of a qubit is a unit vector in C>—the

2-dimensional complex vector space.
o _
The vector can be written as

.lf

a|0) + 3[1)

where, 0) = and |1) =

0 1

¢)— a ket, Dirac notation for vectors.



Vector Spaces

A vector space over C is a set V with
e a commutative, associative addition operation + that has
— an identity 0: [v) +0 = |v)
— inverses: |v) +(—|v)) =0
e an operation of multiplication by a scalar o« € C such that:
— n(:_.-:"l’|-f.':} ) = (:n_.-:"f:)|-f.1:}
— (a+ B)|v) = alv) + Blv) and a(|u) + |v)) = a|u) + a|v)

- 'n"' 'n"'
— 1jv) = |v).
! !



EXAMPLE

1 I I 1
|1J}—E[I_] and lﬂ}_Elll

We can calculate the inner product:

{w|v}=;[ L ][i ]
=§{1+f}

| —i

2

Similarly, we can also calculate:

We can observe that, as proved above, (w|v) = (v|w)



Basis of a Vector Space



Basis

A basis of a vector space V is a muniumal collection of vectors
|0y ) |o,,) such that every vector |[v) € V can be expressed as a

+++++

linear combination of these:

-'t‘ll.." e (]'irlu|-'t1jni|ll."4

|'E‘:} ]

n——the size of the basls —1s uniquely determined by V and is called

'Eh';‘* -rf-'i'm.rw.xinﬂ Uf V,

Given a basis, every vector |v) can be represented as an n-tuple of

nummbers.



Bases for C”

1 () ()

0 1 0
The standard basis for C" is

() 0 1
(written [0), ..., | — 1)).

: : 4 , e D

But other bases are possible: . is a basis for C-=.

2 —1

We'll be interested in orthonormal bases. That is bases of vectors
of unit length that are mutually orthogonal. Examples are |0),|1)
p . l ¢ '-.\ '-.\ K 1 ¢ '-." o - '-." K

and \f_’j[\“}f -1 | ]-.-“ ) —V___»Eu“., |J_f)



Ortonormal vektor set

* Quantum mekaniginde ve dirac notasyonunda dalga
vektorinin adi. Bu dalga vektorinin kompleks . 5 {O fori= |

1fori=j

konjugesine ise bra denir. (bracket) kelimesinden
tUretilmislerdir.

e Butln ketler |>bir situn vektor ile gosterilir.

e Situn vektorinin kag tane girdisi var ise o vektorin
boyutunu da gosterir.

e Bunlar bir ortonormal vektor set olustururlar.

Ortonormal vektor set:

* Oile0'iniccarpimi<0|0>=1
e lileliniccarpimi<1|1>=1
 Oilelini¢ccarpimi<0|1>=0
e lileO'ini¢carpimi<1|0>=0







Matris

* Bir vektore etki ettiginde genel olarak baska bir vektor lGreten sisteme matris denir.

Vi A V2

a1 0 Qin
A=< : -, : )
An1  *° Qnn _
Bir matris vektorlerin toplamidir. a;; ile gosterilir. I: satiri, j: ise sttunu gosterir.
B = AX
b4 X1

A1 - Qin
b, ( : 3 : ) X2
. An1  *°° Ann

b, X




Matris

b1=a11X1+a12X2+ N alan
b2=a21X1+a22X2+ N aZan

bi=2}1=1 aij Burada i=1,2, ...,N, j=1,2,...



Birim Matris

Birim matris bir matrise etki ettigi zaman o matrisin kendisi elde edilir. Birim matrisin
tim kosegen elemanlar 1 dir. Kosegen disindaki elemanlaro O dir.

IA=A

(5]

Bir vektor birim matris ile carpildiginda vektoru degistirmez.

(0K



Conjugate and Transpose of
Matrix

A" - complex conjugate of matrix 4.

- 1 6 N
ﬁA{y 2+4f]mmhi{ﬁ 245]

AT - transpose of matrix A.

y ] 6i ; ] 3
ﬁ4[3f2+44tm“4[@ 2+m]

AT - Hermitian conjugate (adjoint) of matrix A.
Note 4" = (47)

) 1 6 P R T
“A_{352+4Jtm“A“[—m 2-@]



Adjoints

Associated with any linear operator A is its adjoint A" which

satisfies

(o|Aw) = (ATo|w)

In terms of matrices, AT = (A™)!

where * denotes complex conjugation and 7' denotes transposition.

1+7 11— 11— —1
—1 1 1+ 1



Eigenvalue - Eigenvector



Example — Rotation
Eigenvalue Equation

eigensubspace 1
eigensubspace 2 A,/

Alg) = A|9)

Properties

Alg) = A |¢) = Ala|d)) = Ma|o)

Vo) € {loi) iy Aldk) = A2 k) =

= A( ?:1 @i |¢i)) = )\2(25;1 a; |¢i))



Hermitian Operators

1 Eigenvalues are real

(x| Alx) = ({x]| A) |x) = X*||=|| A=A

(x| Alx) = (x| (A]x)) = All|

2 Eigenvectors for different eigenvalues
are mutually orthogonal

Alz) = A|z)

Aly) =nly)

(x| Aly) = AMzxly) = plzly) = (z|ly) =0



Eigenvalues of matrices are used in analysis and synthesis

Eigenvalues

An cigenvector of a linear operator A: V — V is a non-zero vector
|} such that

Alv) = Alv)

!

for some complex number A

A is the cigenvalue corresponding to the eigenvector v.
The eigenvalues of A are obtained as solutions of the characteristic

equation:

det(A—A)=0

Each operator has at least one eigenvalue.



Diagonal Representation

A linear operator A is diagonalisable if
JS!L: E ;}\€|E,?fi€|
i

where the |v;) are an orthonormal set of eigenvectors of A with

corresponding eigenvalues A;.

Equivalently, A can be written as a matrix

A1

An

5

in the basis . of its eigenvectors.




\
AN

k‘\ el o ‘\ \ NN N
MAirix r plicaton \
\\\\}\\\\\!\\\\ \5\\&\\‘* \\\\\l\\\‘&\\\\\\‘ ‘1\‘\\\‘ \\\ \NQ ) \\ \\‘\

a b) X\ ax + by
c d/\y) \cx+dy

b e\ /X ax + by + cz
¢ f)(V)“ dx+ey+fz
h i/ \z gx +hy+iz

b)(w X) _ (aw+ by ax +bz)

d)\Y Z

cw+dy cx+dz




Linear Operator



Linear Operator Linear Operator

A:H—-H
(“n a2 - “lu\
Ala|z) + Bly)) = aAlz) + BA |y) az) @z -+ Qgq
Alz) = '
Linear Operator .
pe \”nl An2 **- “nn)
(”11 013 = ”ln\
21 Q22 -** Q2n Burada,
i = ' * A-Matrisi Quantum Lojik Kapidir.
' e X: Qubit fonksiyonudur. Ket olarak
gosterilir.
\”ul Un2 ”nn)




Obtaining Matrix

G1] ag
azy a2 ---

Aler) =
\anl An2 -°*-
Obtaining Matrix
column k
apy --{ak
azy; --1azk
A ]"k) =

SREITA

Tt A2n

\anl e Rl

aln\

a2n

a n n)

(1)

n"”}

0/

(0

0

fon)

a2

\“nl}

Operations with Operators

(M) ) = M(Alz)) = A\ |z))

(A+ B)|z) = Alx) + B|x)

Operations with Operators

ayy +byy arg+by2 - ay, + by,
az + b2 azx +bx - az, + by

A+ B =
iy + "ul Gy + ”n.! cvr Qpp + hnn
A(l“ 1\"]'.) Alll,,
/\(lm /\(122 e ,\ll-z,,
A =

Aunl /\“n'l T /\“nn



Norms



Bir vektorun normu

A vektdrinin uzunlugu (normu ya da boyu), ||JA]l semboli ile gdsterilir,

""" ve "K" temel birim vektorleri cinsinden yazilan bir vektorin

uzunluk formild, Pisagor teoreminin bir sonucudur. O halde: ¢ b

i.
G = (a,b,c) =ai+bj+ck

Yukandaki vekiorl ele alirsak:

E :
“GH="»/&-2 b2

Samoslu Pisagor ve onun ustasi Miletuslu Thales (yaklasik MO 640-546), antik Yunan kultiiriinde,
matematigi tanitan ve kuran entelektiiel 6nciiler olmustur. Pisagor teoremi: Bir dik G¢gende bacaklar dik
kenarlarin (a ve b) alanlarinin toplami, hipotenis (c) tizerindeki karenin alanina esittir. c2=a2+b2



Norms

The norm of a vector |v) (written || |v)||) is the non-negative, real

number:

)] = Norm: Clinkd quantum lojik kapisi olup
olmadigini belirlemede ¢cok dnemli bir kriterdir.
Quantum lojik kapisi olabilmesi icin ifadenin
A unit vector is a vector with norm 1. normu 1’e esit olmalidir.

Two vectors |u) and |v) are orthogonal it (ulv) = 0.

An orthonormal basis for an inner product space V is a basis made

up of pairwise orthogonal, unit vectors.

the term Hilbert space is also used for an inner product space



Norms

e L1 norm
]|y == > |z
1—1

e L2 nhorm

||| := \/ml cee 4+ 22
* L norm (for real numbers p =2 1)



Norms

O Norm — V' vektor uzay: ve her z,y € V igin asagidaki ozellikleri saglayan N : V — [0, + oo
fonksiyonu bir normdur:

« N(z+y)<N(z)+N(y)

 Bir a sabiti i¢gin N(az) = |a|N(z)

e N(z)=0isez =0

r € V i¢in en yaygin sekilde kullanilan normlar agagidaki tabloda verilmektedir.

Norm Notation Definition Use case
T
Manhattan, L1 [|z||1 E |z LASSO regularization
i=1

Euclidean, L? [|z||2 Ridge regularization

p-norm, LP ||z|[p Z x? Holder inequality

Infinity, L°° ||z ] oo max |x;] Uniform convergence
T




Norms

O Dogrusal bagimhhik — Bir vektor kiimesinden bir vektor diger vektorlerin dogrusal birlegimi
(kombinasyonu) cinsinden yazlabiliyorsa bu vektor kiimesine dogrusal bagimh denir.

Dipnot: Eger bu sekilde yazilabilen herhangi bir vektér yoksa bu vektorlere dogrusal bagimsiz
demnir.

O Matris ranki — Verilen bir A matrisinin ranki, rank(A), bu matrisinin siitunlar1 tarafin-
dan iiretilen vektor uzayimin boyutudur. Bu ifade A matrisinin dogrusal bagimsiz siitunlarinin
maksimum sayisina denktir.

3 Pozitif yari-tanimh matris — Asagidaki kogulu saglayan bir A € R™*™ matrisi pozitif
vari-tammhdir ve A > 0 ile gosterilir:

A=AT and YreR™, 2l Azx =0

Dipnot: Benzer olarak, pozitif yari-tanimly bir A matrisi sifirdan farkly her x vektiri igin
rT Az > 0 kosulunu saghyorsa A matrisine pozitif taniml denir ve A = 0 ile gdsterilir.

3 Ozdeger, 6zvektor — Verilen bir A € R™*™ igin asafidaki gibi bir z € R™\{0} vektérii var
ise buna 6zvektor, A sayisima da A matrisinin 6z degeri denir.

Az = Az

O Spektral teorem — A € R™*™ olsun. Eger A simetrik ise, A matrisi gergel ortogonal
U € R™*™ matrisi ile kogegenlestirilebilir. A = diag(A1,...,An) olmak tizere:

3A kosegen, A = UAUT

0 Tekil-deger ayrisimi — m X n tipindeki bir A matrisi i¢in tekil-deger ayrisimi; m x m tipinde
bir {initer U, m X n tipinde bir késegen ¥ ve n x n tipinde bir iiniter V' matrislerinin varligim
garanti eden bir parcalama teknigidir.

A=Uxv?




Inner Product
(Skaler Carpim)



Linear Vector Space

A+ B

Operations Properties

0-A=0, A+0=4
a(A+ B)=aA+aB
A+B=B+A

(A+B)+C=A+(B+C)=A+B+C

Inner Product

cHXxH-C

z,YyeH, a€C

Inner Product in Euclidean Space

/ Iy \ ( h \
T2 Y2
I3 Y3

VJ \%/



Inner Products

An inner product on V is an operation that associates to each pair

u), |v) of vectors a complex number

; _1"|.
{u|v).

The operation satisfies

o (ulav+ fw) = alulv) + [Flu

w }

o (ulv) = (v

u)* where the * denotes the complex conjugate.

0 (note: (v|v) is a real number) and (v/v) = 0 iff




Inner Product on C»

The standard inner product on C" is obtained by taking, for

u) = wli) and [v) =) wli)

Note: (u| is a bra, which together with v) forms the bra-ket (u|v).



Inner Product in Euclidean Space

ToY =i Tl = L Ui =Y T
C Y=Y B =) o T =0(z:y)

F= n ‘2
Tozd=) %520

Inner Product in Euclidean Space

loll = vz+z //\m
(3l

~
~N

Inner Product

Inner Product in Euclidean Space in Hilbert Space

ol = V& -z T zy=) zin
1=1

€050 = LT

y lell =vase

— =y
J cos & = rziy
Inner Product Inner Product
in Hilbert Space in Hilbert Space

w-yzi:.r;‘y,; f’g:ff*g
g1



Outer Product
(Vektorel Carpma)



Outer Product

With a pair of vectors |u) € U, |v) € V we associate a linear

operator |u)(v|: V — U, known as the outer product of |u) and |v).

(|u) (v])|v") = (v]v")|u)

v)(v| is the projection on the one-dimensional space generated by

Any linear operator can be expressed as a linear combination of

outer products:

A= Al
]



Tensor Product



Tensorler

Bir tensor, sahip olabilen bir sayi dizisidir.
sifir boyut ve skaler olur

tek boyut ve vektor olur

iki boyut ve bir matris olur

veya daha fazla boyut.

Tensorler, vektor, skaler buyulklUkler ve diger tensorler arasindaki dogrusal iliskileri tanimlayan geometrik
nesnelerdir. Bu tur iliskilerin temel 6rnekleri arasinda nokta ¢arpim, ¢apraz carpim ve dogrusal haritalar yer
aliyor. Vektor ve skalerlerin kendileri de tensordur.

Tensor: bir uzay koordinatlarinin fonksiyonlari olan bir dizi bilesenleri ile temsil edilen, bir vektore
benzemesinden ziyade genel bir matematiksel analog nesne.



Tensor Products

In matrix terms,

AuB  AuB - AypB |

ApnB  ApB - AsnB
Ao B =

A-mlB Am‘EB AmmB

outer product : a®b
aq by ¢ rahy agbs --- @by

as b ashy  ashby ---  asb;

a@b=|  |&]| . | =




Tensor Products

If U is a vector space of dimension m and V one of dimension n

then U =V is a space of dimension mn.
Writing |uv) for the vectors in U & V:

o |(u+u)v) = |uv)+ |u'v)

o |u(v+v)) = |uv) + |uv)
(zu)v) = |u(zv))

Given linear operators A : U — U and B : V — V, we can define
an operator A © B on U« 'V by

o —

o 2|uv) =

(A @ B)luv) =

(Au), (Bv))



0
0
0
0
0
0
1
0



Hermitian Operator



Normal and Hermitian Operators

An operator A is said to be normal if
AAT = ATA

Fact: An operator is diagonalisable if, and only if, it is normal.

A normal operator is Hermitian if, and only if, it has real

cigenvalues.



Action on the Left

(p| € H*
(Dl 4 : (D] 4 |) = (o] (A]x))

(Dla =04)", |da) =7
Action on the Left

(0| A= (9],
|pa) = ({9| A)*

Action on the Left

(@l A= (67 ¢ - o)

Matrix Element

(0l A) [¥) =
("n Q)2

= (o] @3 -+ o})

((l” a12 °°°
as a9 -°-°

\“ul (7 5

... (ll"
az; a2 -*-

\“nl An2 °*°

a2y

\ ()

Vo




Matrix Element

(9| A [¥)

= (0| 4) [¢) = (] (A |¢))

Hermitian Adjoint

[8) 5 (8] = (8] A= (pal > |6a)

Hermitian Adjoint

({¢] A)* = A* [9)

Hermitian Conjugation

l. a0 =
2. |¢) = (6| = |o)

3. A A* S A

Hermitian Conjugation

(a |a) (b] (c| ABC'|d))* =

=a(d|C*B*A* |c) |b) (a|



Hermitian Adjoint Hermitian Operators

» *
all (‘121 (1,,1

a2 A3y - Gy

A"

*
a’ln a“.Zn ann



Projection Operator

6) €H, ol =1

#) (9

Projection Operator

) {0]4))

Projection Operator

(¢1\

) (6| = (] &5 -+ ¢%)

60/

Projection Operator

P; = |¢;) (¢l , i=1---k (@i|@j) =0

P=%": P



Closure Relation

E

Pi=lej)(ei|l, i=1---n (e

) =0

J

P=3_,le) (el =1

Projection, Eigenvalues

([1,'1: "\'c,’) ) (,'J: N ()] ll‘f«j::f = (,)It. '\l = ], de generacy = |
) L |o)

(o) (@) Iv) = |@) (dle) =0, Ay =0, degeneracy=n - |



These slides were gathered from the presentations published on the internet. | would like to thank
who prepared slides.

Also, these slides are made publicly available on the web for anyone to use

If you choose to use them, | ask that you alert me of any mistakes which were made and allow me the
option of incorporating such changes (with an acknowledgment) in my set of slides.

Sincerely,
Dr. Cahit Karakus
cahitkarakus@gmail.com






